Introduction and summary
In a previous paper (Meksyn 1948 ) the author gave a method of calculating the velocity distribution in a laminar boundary layer on cylindrical bodies. The aim of the present paper is to extend the method to the case of laminar boundary layers on bodies ofxevolution.
The problem has been treated, so far, only in a few papers (Goldstein 1938, § §51, 52, 61) . Millikan (1932) has derived boundary-layer equations and Karm an's momentum equation for bodies of revolution, and, assuming a parabolic distribution for the velocity u in the laminar part, and u~y llr> in the tu distance from the surface), he has applied the momentum equation to airship-line bodies.
Fediaersky (1934) derived independently the momentum equation for bodies of revolution and applied it to airship-like bodies by assuming u~u n, where n is arbitrary. Tomotika (1935) applied the momentum equation to the evaluation of various boundary-layer quantities for bodies of revolution, in particular for a sphere. Fage (1936) used Tomotika's results to evaluate the surface friction at the forward part of a sphere.
In the present paper the general boundary-layer equations are derived for axially symmetrical motions of bodies of revolution; the equations are partially solved for a sphere, and the results compared with Fage's (1936) measurements.
The main results obtained are as follows:
(1) The problem leads to a partial differential equation (2*20) which for the front part of the body reduces to the well-known equation
. r + / r = au -n , where A is a parameter.
(2) The evaluated surface friction agrees for the front part of the sphere with Fage's computations and measurements.
In the case R = 251,300 the agreement between the evaluated and observed values is satisfactory up to 85° from the forward stagnation point.
(3) The pressure consists of two parts; one is equal to the in viscid pressure, the other one depends on the thickness of the boundary layer.
A. GENERAL EQUATIONS OF MOTION OF THE BOUNDARY LAYER

Equations of motion
I t was shown in the previous paper (Meksyn 1948) th at the motion in the boundary layer can be described by a stream function of the orthogonal co-ordinates (a,/?), where a is the inviscid velocity potential and /? the corresponding stream function; namely, by a function i/r(oc,/3) which has the following properties.
The second derivative of \Jr with respect to /? is of the form i]r"(pL, fi)~A (a, /?) e&a'P\ where A (ct,(3) and & (.< *■ > & ) are slowly and rapidly varying functions res differentiation with respect to /? increases the order of magnitude of \Jr" by R*, whereas differentiation with respect to a leaves the order of magnitude unchanged; the order of rjr" is equal to R i, where R is an appropriate Reynold These results will now be applied to motion with axial symmetry. The equations of motion in general co-ordinates are as follows (Goldstein 1938, p. 114) .
Let a, /? and w be orthogonal curvilinear co-ordinates, where a and (3 are in the meridian plane, whereas w is proportional to the azimuthal angle, and let the element of length ds be = £2^2 + h*dp* +
In what follows the motion is independent of The equation of continuity is 0 0 0, 2D2f d(i/r,h3) vDV . hl h2h3 0(a,/?) ' hxh2hl 0(a ,/?) Expanding, and retaining only terms of the two highest orders, we find that
Substituting (2-6) in (2*5), we obtain the following result: D. Meksyn
Ri dp* dp R2
( 2-7) where underneath are indicated the orders of magnitude of the terms, the order of the A's and their derivatives being unity. ms of orders R* and R 2, and rearranging we find th a t
) A2 a/?4 + 0a dp* dp dadp2 dp dp2 da
6(1 * 3 h
On expansion in powers of P we obtain the equation
where the subscript denotes that the expression is evaluated on the boundary /? = 0. Combining (2-8) and (2*9), and integrating with respect to /?, from infinity to /?, we see th at A A \ 38^ dipd2ip dip d2ip 1 /31og (A£*2A^2) A a3\ l a2 / 0 a/?3 0a 3/?2 dp dadp 2 \ 02^ A A 3\ /alog (A1A^1A^3)
dpdp2 dp d2ip dp dadp / a iog(t22a r 2)j p i o g t y^f c r 1)
The upper limit of the integral of (drJr/d/3)2 is left indete a t the edge of the boundary layer, while q has the value of 0^/0/? as /? tends to infinity.
To find q, let the flow be in the direction of positive, the velocity a t infinity being u0; in what follows oc and (3 are the velocity potential and the stream fun corresponding inviscid motion referred to speed unity a t infinity.
Consider the co-ordinates x, y in the meridian plane, u and v being the corre sponding velocities respectively; now
(2*13)
We now introduce a new co-ordinate y, such th a t l + oc = y, where Zis a length chosen so th a t (2-14) y = 0 a t the forward stagnation point.
(2-15)
From (2*16) we obtain the relations
Substituting (2*17) in (2*10)
Then (2-18) becomes, after few transformations, and dropping the subscripts Since the velocity vanishes on the boundary, the function /(<r, has to satisfy the following conditions (2-13)
In the case of a sphere the coefficient of the term n s * vanishes.
For the front part of the body, the equation (2*20) can be considerably simplified, as it will appear below, and it becomes ( dl og h2 3h z 2\ a y 3cr3 which is identical with the equation in the case of a cylindrical body (Meksyn 1948) .
Friction
The surface friction is found from the equation
where only the term of the highest order of magnitude is retained. Making use of (2-17), transforming to the new co-ordinate rrx (2-19) and dropping the subscripts, we obtain 
hzh\\^i h j da2'
(3-2)
Pressure
Pressure is found from the tensor equation of motion (Goldstein 1938, p. 115 ).
-V X to grad ^ 4-£v2j -v curl to, where v and co are the vectors of velocity and vorticity respectively.
1 0 Now curl co , ( « ) , h2hz dp and from (2-4) we find, after few transformations, th a t 1 + ( i i ogA \ m \dp g h \h J Qdp*)'
(4-1) (4-2) (4-3) h\hz \dp* where in (4-3) only the two terms of the highest order are retained.
From (4-1) and (4-3), ifp is the pressure on the boundary, we obtain the equation
Transforming (4*4) to the co-ordinate by making use of (2*17) and (2* 19), we get 1 dp 1 1
where primes indicate differentiation with respect to a.
Substituting instead o f/f(0 , y) its value from (2*20), and dropping the subscripts, we get 2 dp pul dot
where in (4*6) all relevant quantities are taken on the boundary 0, and in the last integral the second limit depends on the thickness of the boundary layer.
The first term on the right-hand side (4*6) can be integrated, whence 2 Pi = const pu0 (4-7)
The remaining terms depend on the thickness of the boundary layer and have to be integrated numerically.
B. MOTION OF A SPHERE
Preliminary formulae
T>. Meksyn
Consider the laminar motion round a sphere of radius a; the velocity of the undisturbed flow is in the direction of x positive, and is equal to u0.
Denoting the usual co-ordinates in the meridian plane by r and #, we let the velocity potential and the stream function, corresponding to the speed unity at infinity, be u and ^respectively; then (Lamb 1932, pp. 123, 129) l a 3 1 1 /72 u -r cos#+ -^2 cos<9, /? = --sin2 # --y sin2 #, where /? is divided by a in order to make the dimensions of and /? equal to th at of length; u and /? are orthogonal co-ordinates. To find hx and h2, consider an element of length in the meridian plane (5-2) where the term proportional to dud ft vanishes, since a and ft are orthogonal.
Differentiating (5*1) and solving with respect to dr and dd we find th at
A = ( -1 +^n cos20s in^+ ( l + |^)^s i n^, whence from (5-2) and (5*3) ( -1 + a3/r3)2 r2/a2 sin2 d cos2 + (1 + |a 3/r3)2 r2/a2 sin hl = A2 '
(5-3)
The third co-ordinate w can be taken to be w = a0, (5*5)
where 0 is the azimuthal angle; and, since an element of length perpendicular to the meridian plane is equal to rsin#<Z0, it follows th at A3 = ^sin#.
(5*6)
The co-ordinate y (2*14) is given by 3a 1 a3 y = Z + a = -+ r cos # + -^ cos#, (5*7) and a t the forward stagnation point d = n , y = 0, while on the boundary r -a y0 = 3 a cos2 \d.
(5-8)
We have now to evaluate the differential coefficients of the s with respect to a and /?; the computations are very simple; as an example one term will be considered, and then the final results will be given.
From (5-3) on the boundary r= a dr dec dr°' dp dd 3 sin2# ' Consider the term dhjdfi. Since dd 3 sin # ' dp dp dr dp therefore from (5*4) and (5-9)
(5-10) (5-11) dp dp
The evaluation of the differential coefficients with respect to a is even simpler, since we can put in (5-4) r -a before differentiation.
From (5*4), (5*8) and (5*11) we obtain
Making use of (5*12), we can easily evaluate the relevant expressions in (2-20).
F riction
The equation (2*20) will be considered, but only without the terms depending on the thickness of the boundary layer and on the partial differential coefficient with respect to y, namely, r + / / ' = (i -n = A(i -n.
The surface friction F (3-2) is accordingly found from the equation = 6 ~V'(0) sin2 \6 cos \ 6. \pu
Pressure
Making use of (4*6) the pressure can be evaluated; it is equal to V=Pi+V* ( 6-1) 
Co m p a r is o n w it h e x p e r i m e n t a l r e s u l t s
Pressure and surface friction were measured by Fage (1936) on a sphere for several Reynolds numbers within and beyond the critical range; the corresponding data are given in table 1. In the last three cases (table 1) the boundary layer became turbulent before the separation point. Separation
The separation point is found from the condition /"(0) = 0, which corresponds to the vanishing of surface friction.
Making use in the first approximation of the simplified equation (6*1), the separa tion point is found from the condition (Hartree 1937) COB 6 sin2 0-199, which corresponds to 6 = 84° 48', i.e. 95° 12' from the forward stagn exactly as in the case of a circular cylinder.
The terms disregarded in (2-20) depend on the thickness of the boundary layer and also on the differential coefficients of /w ith respect to the second variable y; if the former terms only were taken into account the separation point would be slightly advanced.
The observed separation point in the case w0 = 50 ft./sec. was about 83° from the forward stagnation point; in the other cases the boundary layer became turbulent before separation.
In the case R = 251,300, if the curve of the observed laminar surface friction is continued, it intersects the axis a t about 91° from the forward stagnation point.
Friction
The surface friction F is obtained from (6-2). To find F for a given angle, the quantity A = /"'(0) (6-1) is first evaluated, and the corresponding value of/"(0) can be taken from H artree's (1937) numerical solution.
The relevant values a t /"(0) and /'"(0) are given for the sake of convenience in table 2. The surface friction was measured only within the separation and transition regions; close to the stagnation point the friction was evaluated by Fage (1936) by using Tomotika's method. As can be seen from figure 1 there is a close agreement between our values and those calculated by Fage. There is good agreement between the theoretical and observed friction, for the case uQ = 80ft./sec., up to 85° from stagnation point.
The present results are in general very similar to those in the case of a circular cylinder.
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